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Abstract. In this paper, we propose a conceptual multidimensional data model 
that facilitates a precise rigorous conceptualization for OLAP. First, our 
approach has strong relation with mathematics by applying a new defined 
concept, i.e. H-set. Afterwards, the mathematic soundness provides a 
foundation to handle natural hierarchical relationships among data elements 
within dimensions with many levels of complexity in their structures. Hereafter, 
the multidimensional data model organizes data in the form of metacubes, the 
concept of which is a generalization of other cube models. In addition, a 
metacube is associated with a set of groups each of which contains a subset of 
the metacube domain, which is a H-set of data cells. Furthermore, metacube 
operators (e.g. jumping, rollingUp and drillingDown) are defined in a very 
elegant manner. 

1. Introduction 

Data warehouses and OLAP are essential elements of decision support [5], they 
enable business decision makers to creatively approach, analyze and understand 
business problems [16]. While data warehouses are built to store very large amounts 
of integrated data used to assist the decision-making process [9], OLAP, which is first 
formulated in 1993 by [6], is a technology that processes data from a data warehouse 
into multidimensional structures to provide rapid response to complex analytical 
queries. Online Analytical Processing (OLAP) data is frequently organized in the 
form of multidimensional data cubes each of which is used to examine a set of data 
values, called measures, associated with multiple dimensions and their multiple 
levels. Moreover, dimensions always have structures and are linguistic categories that 
describe different ways of looking at the information [4]. These dimensions contain 
one or more natural hierarchies, together with other attributes that do not have a 
hierarchy’s relationship to any of the attributes in the dimensions [10]. Having and 
handling the predefined hierarchy or hierarchies within dimensions provide the 
foundation of two typical operations like rolling up and drilling down. Because 
unbalanced and multiple hierarchical structures (Fig. 1,2) are the common structures 



of dimensions, the two current OLAP technologies, namely ROLAP and MOLAP, 
have limitations in the handling of dimensions with these structures [15].  
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Fig. 1. An instance of the dimension Time with unbalanced and 
multiple hierarchical structure 
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Fig. 2. A schema of the 
dimension Time with 
multihierarchical 
structure. 

The goal of this paper is the introduction of a conceptual multidimensional data 
model that facilitates a precise rigorous conceptualization for OLAP. Our approach 
has strong relation with mathematics by applying a set of new defined mathematic 
concepts, i.e. H-relation, H-element, H-set, H-graph and H-partition. The mathematic 
soundness provides a foundation to handle natural hierarchical relationships among 
data elements within dimensions with many levels of complexity in their structures. 
Afterwards, the multidimensional data model organizes data in the form of 
metacubes. Instead of containing a set of data cells, each metacube is associated with 
a set of groups each of which contains a subset of the data cell set. Furthermore, 
metacube operators (e.g. jumping, rollingUp and drillingDown) are defined in a very 
elegant manner. 

The remainder of this paper is organized as follows. In section 2, we discuss about 
related works. Then in section 3, we introduce a conceptual data model that begins 
with the introduction of H-set concepts and ends with the definition of metacube 
concepts. The paper concludes with section 4, which presents our current and future 
works. 

2. Related works 

Since Codd’s [6] formulated the term Online Analytical Processing (OLAP) in 1993, 
many commercial products, like Arborsoft (now Hyperion) Essbase, Cognos 
Powerplay or MicroStrategy’s DSS Agent have been introduced on the market [2]. 
But unfortunately, sound concepts were not available at the time of the commercial 
products being developed. The scientific community struggles hard to deliver a 
common basis for multidimensional data models ([1], [4], [8], [11], [12], [13], [21]). 
The data models presented so far differ in expressive power, complexity and 



  

formalism.  In the followings, some research works in the field of data warehousing 
systems and OLAP tools are summarized.  

In [12] a multidimensional data model is introduced based on relational elements. 
Dimensions are modeled as “dimension relations”, practically annotating attributes 
with dimension names. The cubes are modeled as functions from the Cartesian 
product of the dimensions to the measure and are mapped to “grouping relations” 
through an applicability definition.  

In [8] n-dimensional tables are defined and a relational mapping is provided 
through the notation of completion. Multidimensional database are considered to be 
composed from set of tables forming denormalized star schemata. Attribute 
hierarchies are modeled through the introduction of functional dependencies in the 
attributes of dimension tables.  

[4] modeled a multidimensional database through the notations of dimensions and 
f-tables. Dimensions are constructed from hierarchies of dimension levels, whereas f-
tables are repositories for the factual data. Data are characterized from a set of roll-up 
functions, mapping the instance of a dimension level to instances of other dimension 
level.  

In statistical databases, [17] presented a comparison of work done in statistical and 
multidimensional databases. The comparison was made with respect to application 
areas, conceptual modeling, data structure representation, operations, physical 
organization aspects and privacy issues. 

In [3], a framework for Object-Oriented OLAP is introduced. Two major physical 
implementations exist today: ROLAP and MOLAP and their advantages and 
disadvantages due to physical implementation were introduced. The paper also 
presented another physical implementation called O3LAP model.  

[20] took the concepts and basic ideas of the classical multidimensional model 
based on the Object-Oriented paradigm. The basic elements of their Object Oriented 
Multidimensional Model are dimension classes and fact classes.  

[15] gives a first overview of our approach. In this paper, we address a suitable 
mutidimensional data model for OLAP.  The main contributions are: (a) a new set of 
H-set concepts that provide a foundation to define multidimensional components, i.e. 
dimensions, measures and metacubes; (b) the introduction of a formal 
multidimensional data model, which is used for handling dimensions with any 
complexity in their structures; (c) the very elegant manners of definitions of three 
metacube operators, namely jumping, rollingUp and drillingDown. 

3. Conceptual Data Model 

In our approach, a multidimensional data model is constructed based on a set of 
dimensions { } N∈= xx ,D,..,D1D , a set of measures { } N∈= yy ,M,..,M1M  and a 

set of metacubes { } N∈= zz ,C,..,C1C , each of which is associated with a set of 
groups { } zi1ipGroups pi ≤≤∈= ,,,G,..,G)C( 1 N . The following sections formally 
introduce the descriptions of dimensions with their structures, measures, metacubes 
and their associated groups.  



3.1. The Concepts of H-Set  

Definition 3.1.1. [H-relation] A binary relation ∗
�  on a set S is called a H-relation if 

∗
�  is: 
• irreflexive: if ,),( Rxx ∉  for all Sx ∈ . 
• transitive: if Rzx ∈),( and Ryz ∈),( then Ryx ∈),( , for all Szyx ∈,, . 

Definition 3.1.2. [H-set and H-element] A H-set is a pair (S, ∗
� ) and satisfies the 

following conditions: 
• Each element of S is called H-element, therefore the set S is now denoted by 

S= },..,{ ji hehe . 

• Having only one root element: Sroot ∈∃ ! : ( Shep ∈¬∃ : roothep
∗

� ), 

• Having leaf elements: { )}:(|)( utut heheSheShe ∗∈¬∃∈ � , 

• An H-graph ),( HHH EVG = representing the H-set (S, ∗
� ) is a directed graph that 

is defined as follows: 
− SVH = . A vertex represents each element of the set S. There exists only one 

root vertex, which is the vertex for the root element.  
− SSEH ×⊆ . If ji hehe ∗

�  for distinct elements ihe  and jhe , then the vertex 

for ihe  is positioned higher than the vertex for jhe ; and if there is no 

khe different from both ihe and jhe such that ki hehe ∗
� and jk hehe ∗

� , then 

an edge is drawn from the vertex ihe  downward to the vertex jhe .  

Definition 3.1.3. [H-path] Let HG  be a H-graph representing a H-set (S, ∗
� ). A H-

path hp in HG  is a nonempty sequence hp ),..,( 0 lhehe= of vertexes such that 

Hii Ehehe ∈+ ),( 1 for each ]1,0[ −∈ li . The H-path hp is from 0he to lhe and has 
length l. 
Definition 3.1.4. [H-partition] A collection of distinct non-empty subsets of a set S, 
denoted by N∈lSS l},,..,{ 1 , is a H-partition of S if the three following conditions are 
satisfied: 
• , φ=∩ ji SS ljiji ≤<≤∈∀ 1,, N , 

• �
l

i
i SS

1=

= , 

• :1, liSi ≤≤∀ |),( iut Shehe ∈¬∃ )(( *
ut hehe � or ))( *

tu hehe � . 

3.2. The Concepts of Dimensions 

First, we introduce hierarchical relationships among dimension members by means of 
one hierarchical domain per dimension. A hierarchical domain is a H-set of dimension 



  

elements, organized in hierarchy of levels, corresponding to different levels of 
granularity. It also allows us to consider a dimension schema as a H-set of levels. In 
this concept, a dimension hierarchy is a H-path along the dimension schema, 
beginning at the root level and ending at a leaf level. Moreover, the definitions of two 

dimension operators, namely ancestor
EOOOO  and descendant

EOOOO , provide abilities to 
navigate along a dimension structure. In a consequence, dimensions with any 
complexity in their structures can be captured with this data model. 
Definition 3.2.1. [Dimension Hierarchical Domain] A dimension hierarchical 
domain, denoted by >=< ∗

EDElementsdom �),D()D( , is a H-set, where: 
• DElements(D)= { }ndmdmall ,..,}{ 1∪  is a set of dimension elements of the 

dimension D, e.g. 1999, Q1.1999, Jan.1999, and 1.Jan.1999, etc are dimension 
members within the dimension Time (Fig. 1), 

• The all is the root, 
• The binary relation ∗

E�  on the set DElements(D) is a H-relation.  
Definition 3.2.2. [Dimension Schema] A dimension schema is a H-set of levels, 

denoted by DSchema(D)= ∗
L,Levels �)D( , where: 

• { } N∈∪= hllAllLevels h ,,..,}{)D( 1  is a finite set of levels of a dimension D, 
where:  
− ),D(Levelsli ∈∀  ))(, iii ldomLnamel =< : 

�� iLname  is the name of a level, e.g. Year, Month, Week, and Day are level 
names of the dimension Time, 

�� )( ildom is one of N∈hldomldomAlldom h )},(),..,(),({ 1 , the collection of 
which is a H-partition of DElements(D), 

�� The All is the root level, where: }{)( allAlldom = , 

− Leaf levels: { }) a is )(()D( ntleaf elemeldomdmLevelsl iji ∈∀∈∀ .  

• The binary relation ∗
L�  on the set )D(Levels is a H-relation and satisfies the 

following condition: 
)D(, Levelsll ji ∈∀ , jLi ll ∗

� is given if there exits a map )()(: ijances ldomldomf → : 

)),(( jp ldomdm ∈∀ ))(|)(!( pancesqiq dmfdmldomdm =∈∃ , such: qEp dmdm ∗
� . 

Definition 3.2.3. [Dimension Hierarchy] Let L
HG  be a H-graph representing the H-

set DSchema(D)= ∗
L,Levels �)D( , which is the schema of a dimension D. A 

hierarchy is a H-path ),..,( leaflAllhp = that begins at the All (root) level and ends at a 
leaf level. 
Let N∈= mhhH m},,..,{)D( 1  be a set of hierarchies of a dimension D. If m=1 then 
the dimension has single hierarchical structure, else the dimension has 
multihierarchical structure.  



Definition 3.2.4. [Dimension Operators] Two dimension operators (DO), namely 
ancestor
EOOOO  and descendant

EOOOO , are defined as follows: 
)D(,, Levelslll dac ∈∀ , :)( ci ldomdm ∈∀  

��

�
�

� ∈
=

undefined

dmdmldomdm
ldm

iEjaj
ai

ancestor
D

*:)(
),(

�OOOO  
If )( *

cLa ll �  

Else 

��

�
�
� ∈

=
undefined

dmdmldomdm
ldm tEidt
di

descendant
D

}|)({
),(

*
�OOOO  

If )( *
dLc ll �  

Else 

3.3. The Concepts of Measures 

In this section we introduce measures, which are the objects of analysis in the context 
of multidimensional data model. First, we introduce the notion of measure schema, 
which is a tuple O,)M( FnameMSchema = . In case a measure that O is ”NONE”, 
then the measure stands for a fact, otherwise it stands for an aggregation.  

Definition 3.3.1. [Measure Schema] A schema of a measure M is a tuple 
O,)M( FnameMSchema = , where: 

• Fname is a name of a corresponding fact, 
• COMPOSITE}{NONE,O ∪Ω∈ is an operation type applied to a specific fact [2]. 

Furthermore:  
− Ω={SUM, COUNT, MAX, MIN} is a set of aggregation functions. 
− COMPOSITE is an operation (e.g. average), where measures cannot be utilized 

in order to automatically derive higher aggregations.  
− NONE measures are not aggregated. In this case, the measure is the fact. 

Definition 3.3.2. [Measure Domain] Let N be a numerical domain where a measure 
value is defined (e.g. N, Z, R or a union of these domains). The domain of a measure 
is a subset of N. We denote by N⊂)M(dom . 

3.4. The Concepts of MetaCubes 

First, a metacube schema is defined by a triple of a metacube name, an x tuple of 
dimension schemas, and a y tuple of measure schemas. Afterwards, each data cell is 
an intersection among a set of dimension members and measure data values, each of 
which belongs to one dimension or one measure. Furthermore, data cells of within a 
metacube domain are grouped into a set of associated granular groups, each of which 
expresses a mapping from the domains of x-tuple of dimension levels (independent 
variables) to y-numerical domains of y-tuple of numeric measures (dependent 
variables). Hereafter, a metacube is constructed based on a set of dimensions, and 
consists a metacube schema, and is associated with a set of groups.  



  

10

50

20

12

15

10

Alcoholic
Dairy

Beverage
Baked Food

Meat
Seafood

Mexico
USA

Pr
od

uc
t

1 2 3 4 5 6
Time

Store

 
Fig. 3. Sales metacube is constructed from three dimensions: Store, 

Product and Time and one fact: TotalSale. 

Let a metacube C be constituted from x dimensions N∈xx ,D,..,D1 , and y measures 
N∈yy ,M,..,M1 .  

Definition 3.4.1. [MetaCube Schema] A metacube schema is tuple 
CSchema(C)= MSchemasDSchemasCname ,, : 
• Cname is the name of a metacube,  
• >=< )D(),..,D( 1 xDSchemaDSchemaDSchemas is a x-tuple of schemas of x 

dimensions N∈xx ,D,..,D1 with xiDSchemaiDSchemas i ≤≤= 1),D()( ,  
• >=< )M(),..,M( 1 yMSchemaMSchemaMSchemas is a y-tuple of schemas of y 

measures N∈yy ,M,..,M1 with yjMSchemajMSchemas j ≤≤= 1),M()( .   
Definition 3.4.2. [MetaCube Hierarchy Domain] A metacube hierarchy domain, 

denoted by ∗= C)C()C( �,Cellsdom  is a H-set, where:  

• Given a function },{)M()D(:
11

falsetruedomdomf j

y

j
i

x

i
→×

==
×× , )C(Cells  is 

determined as: C)(Cells = })()M()D({
11

truecfdomdomc j

y

j
i

x

i
=×∈

==
××  

• The binary relation ∗
C�  on the set Cells(C) is a H-relation. 

Definition 3.4.3. [Group] A group is triple G= )G(),G(, domGSchemaGname  
where: 
• Gname is the name of the group, 
• GSchema(G)= )G(),G( GMSchemasGLevels : 

− )D(,..,)G(
1

DD1 i

x

i
LevelsllGLevels

x =
×>∈=<  is a x-tuple of levels of the x 

dimensions N∈xx ,D,..,D1 .  
− >=< )M(),..,M()G( 1 yMSchemaMSchemaGMSchemas  is a y-tuple of measure 

schemas of the y measures N∈yy ,M,..,M1 .  



• )}C()M()({)G(
1

D
1

Cellsdomldomcdom j

y

j

x

i i
∈×∈=

==
××  

Let hi be a number of levels of each dimension Di (1≤i≤x). The total set of groups 

over a metacube C is defined as ∏
=

==
x

i
ip hpGroups

1
1 },G,..,G{)C( [18]. 

Definition 3.4.4. [MetaCube Operators] Three basic navigational metacube operators 
(CO), namely jumping, rollingUp and drillingDown, which are applied to navigate 
along a metacube C, corresponding to a dimension Di, are defined as follows: 

)C(G Groupsc ∈∀ , )D( ic Levelsl ∈  and )G( cc GLevelsl ∈ , )D(,, idrj Levelslll ∈∀ . 

jumping: 
>=<= )G(),G(G)D,,G( jjjijc GMSchemasGLevelsljumping

 Where:  
),G()G( cj GMSchemasGMSchemas =  

,))(G( jj liGLevels = .),)(G())(G( ikkGLevelskGLevels cj ≠∀=  

rollingUp: 
)( cldomdm ∈∀ , )D,,G(G ircr ljumping= . 

>=<= )G(),G(G)D,,,G( sub
r

sub
r

sub
rirc domGSchemaldmrollingUp

 Where:  
)G()(G r

sub
r GSchemaGSchema = , 

:)G(|)G({)G( crr
sub
r domcdomcdom ∈∃∈= ,)(. dmidmsc =  

)D,,()(. ir
ancestor
dr ldmidmsc OOOO= , }),(.)(. ijjdmscjdmscr ≠∀=  

drillingDown: 
)( cldomdm ∈∀ , )D,,G(G idcd ljumping= . 

>=<= )G(),G(G)D,,,G( sub
d

sub
d

sub
didc domGSchemaldmwndrillingDo

 Where:  
)G()(G d

sub
d GSchemaGSchema = , 

:)G(|)G({)G( cdd
sub
d domcdomcdom ∈∃∈= ,)(. dmidmsc =  

)D,,()(. id
descendant
dd ldmidmsc OOOO∈ , }),(.)(. ijjdmscjdmscd ≠∀=  

Definition 3.4.5. [Metacube] A metacube is a tuple C= >< COGroupsCSchema ,,,D , 
where: 
• CSchema is a metacube schema, 
• N∈= xx ,D,..,D1D  is the set of dimensions, 
• Groups is a total set of groups of the metacube. 
• CO is a set of metacube operators. 



  

4. Conclusion and future works 

In this paper, we have introduced the conceptual multidimensional data model, which 
facilitates even sophisticated constructs based on multidimensional data elements 
such as dimension elements, measure data values and then cells. The data model has 
strong relationship with mathematics by using a set of new mathematic concepts, 
namely H-set to define its multidimensional components, i.e. dimensions, measures, 
and metacubes. Based on these concepts, the data model is able to represent and 
capture natural hierarchical relationships among dimension members. Therefore, 
dimensions with complexity of their structures, such as: unbalanced and 
multihierarchical structures [15], can be modeled in an elegant and consistent way. 
Moreover, the data model represents the relationships between dimension elements 
and measure data values by mean of data cells. In consequence, the metacubes, which 
are basic components in multidimensional data analysis, and their operators are 
formally introduced.  

In context of future works, we are investigating two approaches for 
implementation: pure object-oriented orientation and object-relational approach. With 
the first model, dimensions and metacube are mapped into an object-oriented database 
in term of classes. In the other alternative, dimensions, measure schema, and 
metacube schema are grouped into a term of metadata, which will be mapped into 
object-oriented database in term of classes. Some useful methods built in those classes 
are used to give the required Ids within those dimensions. The given Ids will be joined 
to the fact table, which is implemented in relational database. 
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